Chapter 2 

Electrostatics 


Problem 2.1 


(a) Zero, 

(b) F = 


i qQ 

4tT€q t 2 ' 


where r is the distance from center to each numeral. F points toward the missing g. 


Explanation: by superposition, this is equivalent to (a), with an extra -q at 6 o'clock — since the force of all 
twelve is zero, the net force is that of —q only* 


(c) Zero 

(d) 


i qQ 


47TCo T 2 1 


pointing toward the missing q * Same reason as (b). Note, however, that if you explained (b) as 


a cancellation in pairs of opposite charges (1 o’clock against 7 o’clock; 2 against 8, etc.), with one unpaired q 
doing the job, then you'll need a different explanation for (d). 

Problem 2.2 

(a) “Horizontal” components cancel* Net vertical field is: E z — ^-2^ cos#. 


Here — z 2 + (|) 2 ; cos# = |, so 


E = 


2 qz 


4ne 0 (*3 + (f) 2 ) 3/2 


When z d you're so far away it just looks like a single charge 2g; the field 
should reduce to E = 4 ^f! i* And it does (just set d -q* 0 in the formula). 

(b) This time the “vertical” components cancel, leaving 
E= ^2# sing*, or 


E - 


qd 


4ttc 0 (2? 2 4- (|) 3 ) 3/2 


J 

,E 

/ 

} 

\. 

q 4 

H 2 

d J 

2 


/ 

f-^E 

/ 

\. 

q 

-Q 


FYom far away, (z d), the field goes like E as z, which, as we shall see, is the field of a dipole. (If we 

set d -q 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge 
from far away, the net charge is zero, so E -q 0*) 
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Problem 2,3 



For z > L you expect it to look like a point charge q — XL: E -4 It checks, for with z ^ L the x 

term 0, and the z term — > ~ - - -z. 

5 47reo s £ 

Problem 2.4 

From Ex. 2*1, with L — ► | and z ^/z 2 + (§ ) 2 (distance from center of edge to P), field of one edge is: 


Pi = 


An 


4 «» 

There are 4 sides, and we want vertical components only, so multiply by 4 cos 0 — 4 


7^+W ' 



Problem 2.5 



“Horizontal” components cancel, leaving: E — {/^cos0} z. 

Here, $ — r 2 + z 2 , cos'fl = | (both constants), while Jdl — 2rrr + So 


1 \(2irr)z 

— - — jr 

47re 0 ( r 2 + z 2)3/2 


Problem 2.6 

Break it into rings of radius r, and thickness dr, and use Prob* 2*5 to express the field of each ring. Total 
charge of a ring is a * 2 ?rr - dr = A * 27rr, so A = adr is the “line charge” of each ring. 


Pring — 


1 ( crdr)2nrz 

4ire 0 (r 2 + z 2 f /2 ’ 


Sdisk = 2 ttctz 

4tt t o 


f 


( r 2 + Z 2 ) 3/2 


dr. 


Edisk = StTCTZ 

47re 0 


1 

z 


1 

x/P 2 + z 2 
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For R z the second term -> 0, so E p i ane = ^-2 ttcjz = 

1/2 


cr m 

“ — z. 

2€q 


For 2 > R, - I ( x + fr) ® I (* “ 2 P“) * so 1 1 w 7 ” * + ^ 

■ dr 0 = ?£;$. where Q = 1tR2q - / 


and E — 


Problem 2.7 

E is dearly in the z direction. From the diagram, 

clq — ada — oR 2 sin 9 dO d<j > , 

** = R 2 + z 2 -2Rzeos9 y 
cos ip ~ a -” coa * . 

So 


1 f a R 2 sin 9 dd d<j>{z — R cos 8) 


4treo J (R 2 + z 2 — 2Rzcos8) 3 / 2 ^ 


1 f * 

= i^ <2 ’ rflV) / 


(27tJJ 2 <t) ^ 


4tT€q 


(js — /i cos Q) sin 9 
(R 2 + z 2 -2Rzco$0)3/ 2 
z — Ru 

(. R 2 + z 2 - 2 Rzu) 3 / 2 

i 1 


dfl. 



zu — R 


z 2 yjR 2 + Z 2 - 2 Rzu 


du. Integral can be done by partial fractions — or look it up. 
1 2 tt R 2 a ((z- R) (-z - R) 


-1 


4 lT€Q Z 2 


f ( z-m 

\\z-R\ |z + i?| /■ 


For z > R (outside the sphere), E z = = ^r^f, so 


E — \ z. 

4 7T€o Z z 


For z < R (inside), E z =■ 0, so E = CL 


Problem 2.8 

According to Prob. 2.7, all shells interior to the point (be, at smaller r) contribute as though their charge 
were concentrated at the center, while all exterior shells contribute nothing. Therefore : 

tn / v I Qint * 

E(r) = 4^-?- r ' 

where Qi nt is the total charge interior to the point. Outside the sphere, all the charge is interior, so 


F _ 1 Q. 

4? rt 0 r 2 ' 


Inside the sphere, only that fraction of the total which is interior to the point counts: 

r .3 


_ I nr 3 r 3 1 r ' 6 1 A 

Qint = '& g = W Qt S ° = 


1 Q 

4tT€o R 3 1 


Problem 2.9 

(a) P = e 0 V'E-e 0 ^(r 2 - kr 3 ) = e 0 ^k(5r 4 ) = 


5eg fcr. 
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(b) By Gauss *$ law: Q enc = e Q § E ■ da =t eo(taft 3 )(47rfi 2 ) - 47re 0 A ;f? 5 . 


By direct integration: Q enc = Jpdr — J^(5eokr 2 )(47rr 2 dr) = 20neok r 4 dr ~ 47TCo kR^ V 

Problem 2*10 

Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface 
of this larger cube gets the same flux as every other one, so: 


/ 

one 

face 


E - da = 


1 / E • da. 

whole 

Jarge 

cube 


The latter is ~-q, by Gauss’s law. Therefore 


f E-da 

one 

face 


<1 

24 f0 



Problem 2*11 



Gaussian surface: Inside: § E - da = E{4itr 2 ) = j^Qenc = 0 => E — 0. 
— 1 Gaussian surface: Outside: E(47rr 2 ) = ^(a4wR 2 ) 


E=^f. 


eo r* 




(As in Prob. 2.7.) 


Problem 2*12 



Gaussian surface 



l 


Problem 2*14 


§ E * da. = B ' 2tts ■ l = j~ } Qe nc = So 


E = 


A . 

s 

2 ttco 5 


(same as Ex. 2.1). 



/E ■ da = E * 47rr 2 = ^Q e nc ~ — Jpdr = ^ /(fcf)(f 2 sin# dr d#d$) 
= -L fc4tr f n r f 3 df = = — r 4 . 

CO J U io 4 f q 


E — — - 7rA:r 2 f . 
47re 0 


26 


CHAPTER 2. ELECTROSTATICS 


Problem 2.15 


(i) Qenc = o, SO E - 0- 


(ii) ^E • da = E(4nr 2 ) — ~Qenc = ^ fpdr = ~ f ^ f 2 sin 0df d#d phi 


= II df = t^( r - a) 

to Ja eo % 7 


E 




) E(4irr 2 ) 

= ^S*dr 

£0 JQ 

k { 

b-a \ . 

E = — 

— 5— r. 

eo \ 

. r2 ) 



Problem 2.16 


(i) 



Gaussian surface 


§ E • da = E ■ 2ffg • / = ^Qenc = ^pjrs 2 l; 


„ ps „ 

E - 8. 

2^o 


Gaussian surface 

/ E • da = E • 2irs ■ l = ±Q e „ e = 


Gaussian surface 

/ E * da = E ■ 2tts ■ / — —Q e nc = 0; 
E = 0. 


iEr 


a 5 s 

Problem 2.17 

On the x z plane E = 0 by symmetry. Set up a Gaussian “pillbox” with one face in this plane and the 
other at y. 



pa 2 „ 
E - — — s. 
2eo^ 




fE-d* = EA = j- o Q enc = ±Ayp-, 



(for |y| < d). 
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C?enc “ Adp => 



(for y > d). 


E 

2d 

*0 

-d 


7 . 

i/ 

d y 


Problem 2,18 

From Prob. 2,12, the field inside the positive sphere is E+ = where r+ is the vector from the positive 

center to the point in question. Likewise, the field of the negative sphere is — So the total field is 


E= JL(r + - r _) 


But (see diagram) r + — r„ = d. 


So 



Problem 2.19 



VxE = 


= 0 (since Vx ~ 0, from Prob. 1.62}. 


(since p depends on r', not r) 


Problem 2.20 

x y z 

JL JL JL 

dx dy dz 

xy 2 yz 3 zx 

so E l is an impossible electrostatic field. 


(1) VxE! = k 


= k [x(0 - 2 y) + y(0 - 3^} + £(G - x)] / 0, 


(2) VxE 2 ^k 


x y 

JL JL 

dx dy 

y 2 2 xy + z 2 


z 

3 

Wz 

2 yz 


— k [x(2z - 2 z) + y(0 - 0) + z(2 y - 2y)} - 0, 


so E 2 is a possible electrostatic field. 
Let’s go by the indicated path: 


E * dl = (y 2 dx + (2 xy + z 2 )dy + 2 yz dz)k 

Step I: y — z = 0; dy — dz = 0. E * dl = ky 2 dx = 0, 

Step II: x = Xq, y : 0 — * y Q , z = 0. dx ^ dz = 0. 

E * dl — k(2xy + z 2 )dy = 2Arx 0 ?/dy. 

/;/ E *rfl = 2fci 0 fo° V dy = fcx 0 2/o ■ 

Step III: x = xq, y = J/o, 2 : 0 ^oi rfa: = dy — 0, 



II 
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E • dl = 2kyzdz = 2kyozdz. 

Jfjj E • dl = 2 y 0 k z dz = ky 0 z%. 

(xo,yo^o) 


V (a:o, J/O* ^o) = - f E • d\ = -k(x 0 yl + yo^o)* OT V(x,y,z) = -k(xy 2 + yz 2 ). 

o 1 


Check : - (sy 2 +y£ 2 ) £+ ^ {xy^+yz 2 } $'+^(xy 2 +yz 2 } &]=*[y 2 2+(2zy+3 2 ) y+2yz e]=E. / 


Problem 2,21 

V(r) = -fZ 0 E'dl 


{ 


Outside the sphere (r > R) : E — . 

Inside the sphere (r < R) : E = ^g-rr* 
So for r > R-. V(r) = -£ ^ (?)|^ = 


q 1 

4tT£o T ? 


and for r < R. V(r) = - (rigft) * - J« (jlfe A f ) # = A [i " jk ( E V 1 )] 


q 1 ( 3 

.fL) 

4?reo 2 R \ 

R 2 ) * 


When r > R, W = *£ (l)f = .0 E = -VV = * M- ' 

When r <*, W -*&*(>-£)»= jfc A Hfr) » = -**»! «>■ - -W - ris**/ 

Problem 2.22 

E = {Prob* 2.13)* In this case we cannot set the reference point at oo, since the charge itself 

extends to oo* Let’s set it at s = a. Then 




1 


4ire 0 


2A In 


(:) 


(In this form it is clear why a — oo would be no good — likewise the other “natural” point, a = 0.) 

w °° (i)) 8 ° = ~ E - / 

Problem 2*23 

no) = -/°E.dl = -£(£t&l)dr-J?(£l&l)dr-Jfm<lr 


AlnfA) 

€ 0 \aj 


_ k jb-a) ___ ± 

£Q b £ 0 


(>” (!)+“(;-*)) 


Problem 2*24 

Using Eq* 2.22 and the fields from Prob. 2.16 

ra 


V(b) — V{0) = — /q E ■ dl = — / 0 ° E ■ dl - /j* E ■ dl = — ^ / 0 “ s ds — / Q 6 ^ds 

= _ ( £!° + £s! i ns | 4 = 

\2t 0 / ^ |q la 


pa * 

4cq 


( i+2in G)) 



29 


= s;fei»( 4±i ? IE / 


A In 

L + y/z 2 + L 2 

47T£o 

-L + Vz 2 + L 2 


w 17 = i fa* ma = (^+^)io = £ ('/■ r! +* 2 - *) • 


In each ease, by symmetry — §~~ — 0. E — — — ^ 


9s 


Z. 



(a) E = “ 4 “- 2 g (- 5 ) 


3^ 


(«■+(*)’) 


2\3/2 


25 — 


1 

2^2 

4^o (^ 2 + (|) 2 ) 3/2 

1 



(agrees with Prob. 2.2a). 


_ A 


4ifo \/£^4-P 

W E = -kj {? 7 re* 2z ~ *} ® = 


{=L±^^S±S-} i = 


2LX 


1 


47reo zV z 1 + L 2 


(agrees with Ex. 2.1). 


1 - 


2 e 0 l y/WT. 


(agrees with Prob. 2.6). 


If the right-hand charge in (a) is then V — 0 , which, naively, suggests E — — VP = 0, in contradiction 
with the answer to Prob, 2.2b. The point is that we only know V on the z axis , and from this we cannot 
hope to compute E x = -fj or E y — That was OK in part (a), because we knew from symmetry that 

E x = E y — 0* But now E points in the x direction, so knowing V on the z axis is insufficient to determine E. 


Problem 2,26 



I'M = 

47Te 0 Jo 


^ f— ) * = |^-Uv/ 2 ft) = ^. 
0 V * J 47re 0 V2 2e 0 

(where r = ijy} 2 ) 


K(b) = — — [ ( o'iitr X ^ where \j h 2 + i 2 ~~ a/2/w. 

47re 0 J 0 \ * J 

2 x 0 - J_ f^ h l Aa 

47re 0 a/2 Jo y/h?+* 2 - \/2 U 

| \fh 2 +V 2 - y/2f» + “ ln(2 \fh? + V 2 - V2h.i + 2 a. - y/2h )J 


2y/2eo 


\h+ -JLla(2h+2y/2h-y/2h) -h- ^=ln(2h-V2h) 
2y/2e 0 y/2 V 2 


_ ffA / 2 + y/S " 

4eo 11 \ 2 - 






V(a) - V(b) = ^ [l - ln(l + y/2)] . 
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Problem 2.27 

Cut the cylinder into slabs, as shown in the figure, and 
use result of Prob. 2.25c, with z h x and a — > pdx: 


z+Lf 2 

V = ^ j (y/R 2 + x 2 — x) dx 

z—L/2 


~ 2 ^ 2 [^JR 2 + x 2 + R 2 ln(x + JR 2 + x 2 ) - x 2 ] 


CHAPTER 2. ELECTROSTATICS 



A 


Jf.+ Sj/nM 




(Note: “ (^ + f ) 2 + {2 ~ f ) 2 = -2 2 - zL - ^ + z 2 - zL + ~ — —2 zL.) 


d X 


E = -VK = -z™ = 
dz 


zp_ 

4cq 


-tM JR 2 + 


( z+ §) 


(*±il! 


\[&+V+¥) 


-~\ R 2 + 


h- 


(z-H 


2j 

\/v + (z-jY 


+ R 2 


1 + 


*+_§_ 




1 + 




v / fi2+ (,_i) 2 


-* + 7 + V ^ 2 + {2 + f ) 2 2- § + \/r 2 + (2- f) 2 - 


2i 


y/R 3 + (z + %)* sJ&TiT- £) ; 


E = 



Problem 2,28 

Orient axes so P is on 2 axis. 


y = -j_f £cir / Here ^i 
J * OT ' | * = 1 /? 


is constant, dr = r 2 sin 0 dr dfl d$, 


-Hr 2 — 2rz cos 0, 

1 / _ /3 f r 2 sin 0 dr dl9 „ f^ 71 " __ 

^ ” 4™ 0 J ^z^-2rzcose J JO ” Z?r ‘ 

r 

JO 



sin ^ 


v^+r»- ar« CM J dg= « (Jr 2 + z 2 - 2r*cos0)]' = j- z {Jr 2 + z 2 + 2rz - Jr 2 + z 2 - 2rz) 

— -i / ** _L v I ** ^ I ^ — ) 

2 jr , if r > z. 


=Afr + .-*-.i>={ 
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:.V = 


■ 2, ■ 2 {/ '-r'ir + / = £ {l£ + = £ (tf - f) . 

^ ut 0 = JnR? 1 S ° ^ = Seo 47/^ (^ ~ T ) ” 8nu>R (^ ” 7^) ’ 


V{r) - 


8tt €qR 


(- 5 ): 


/ 


Problem 2.29 

= 4 ^ v V(^) dr = 4 ^ j>(r')(V 2 i)tfr (since p is a function of r', not r) 

= 4^ Jp( r ')M^ 3 (r-r f )]dr = -^p(r). / 

Problem 2*30* 

(a) Ex. 2.4: E above = ^n; E bc | OW = (n always pointing up)\ E above - E be i ow = — n. / 

Ex, 2.5: At each surface. E — 0 one side and E = — other side, so A E — / 

1 Co £ o 

Prob. 2.11: E out = fgr = ; E in = 0 ; so AE = £f. / 


(b) 


... 



c 

\ 


f \ jft 





" 8 : Outside: ^E • da = £{27rs)t = j^Qenc - ^(2tt.R) 1 => E = ^ = ^-s (at surface). 


Inside: Q &nc = 0, so E = 0. AE — ^s. / 


(c) Pout = = ” (at surface); Vj n = ^ ; so V out = Mn* / 




- surface) 


Problem 2.31 
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Problem 2.32 

(a) W = | JpVdr. From Prob. 2.21 (or Prob. 2.28): V = £ (j? 2 - £) = (3 - £) 

. 9 . g£ Lr 3 1 r s l n qp ( tf 3 ' 

_ g . 


w = \ p ^;irL ( 3 - = ' 4, "- j * = 


gP 

4e 0 i? 


r 3 1 r 5 

3 T “ 


gP 

4e 0 i? 


M) 


5eo 


5e 0 |7r/i 3 


j-^V 

47re 0 \5 R J 


(b) W = f fE 2 dr. Outside (r > R) E = ; Inside (r < R) E = ^^rr. 


W 


(0 


2 (47re 0 ) 2 


f R ^(r 2 4Ttdr)+ (47rr 2 dr)j 


1 g 2 f 

A^r+J- ( 

'r 5 \ *1 1 q 2 /I 

+ JL) 

1 3? 2 

47re 0 2 | 

l r)\ R & \ 

, sj 0 j “ 47T60 2 U 

+ SJlJ 

4tt£q 5 R 


/ 


(c) W — ^ { j> s VE * da + / v JS 2 dr } , where V is large enough to enclose all the charge, but otherwise 
arbitrary. Let’s use a sphere of radius a > R. Here V — 


W=Q 

2 


(/ (i?) {^y^ edBd * + [ E ^ + n (ss^)’^*) 

V— a 

•(-;)[( 


) 


--4tt -f 


2 \ (47reo) 2 a*" (47rq>) 2 5ii (47reo) 2 

i_®Mi i_i n = j_3g 1 

4ttcq 2 \a 5R a R J 4tt£o 5 R 


As a -* oo, the contribution from the surface integral ^4^§a) goes to zero, while the volume integral 

(lijfsdfc - U) P icks U P the slack - 


Problem 2.33 



“^(^eo) r’ 


(q = charge on sphere of radius r) . 


q = r 3 p = q~ (q = total charge oil sphere). 

A 

4irr 2 


d<? = 47rr dr p = 


2 _ q dr = ^r 2 dr. 




fl 3 


IF = 


= J_ ('<£') I ( &.»*) = j^^r'dr 
Attcq \R 3 J r \R 3 J 4?reo R 5 

1 3g2 [ R r A dr 1 3 ^ 2 - 1 f 3g2> t 

Vo r r 4 ttco 5 4tt£o \ 5 J? / 


4ireo K e 


/ 
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Problem 2,34 

(a) W = ^ f E 2 dr. E = ^ (o < r < b), zero elsewhere. 

/ \2 L . . 

W 


-a(j_V if 11 1 = - q — (1 „ 

2 {i„ t0 ) J a 4?rr 8 -reo h ^ 8jrCo \^ 0 b J' 


= W 2 = ^£, E : = ^^f (r>o), E 3 = jJL-7?f (r > h). So 

*E 2 - (^) 2 (r > 6), and hence /Ei • E 2 dr = - (^) 9 2 /“ ^47rr 2 dr = 
tE tot = WP 1 +W a + eo jE 1 -E a dr ==^(1 + 1-1) = ^^-!)./ 

Problem 2.35 

(a) 


? -g 

n/i — j _ rTjo i ^ ^ > n't 


4ri? 2 


4?ra 2 


4tt& 3 * 


P>) r( 0 ) = -/° E ■* = -£(?£;*)* - /„»* - l X (^)dr - J °(0 )* = ±-(1 + 1-1) 


(c) I CTj. -a 0 1 (the charge “drains off”); V(0) = - J^(0)dr - f*(j£^$)dr - J%(0)dr = - 1) 


<la 

Qb 

tfa + ?b 

Ana 2 T 

° h 4tt6 2 ’ 

° R ~ 4nR 2 ‘ 


Problem 2.36 

(a) 

(b) 

(c) 


1 g<i + 9^ 

^OUt — 2 Fl 

47reo r z 


F _ _i_^p -p _ 1 

j, 9 r fj j j ^ r^j 


47re 0 r 2 


where r — vector from center of large sphere, 

where r 0 (r&) is the vector from center of cavity a (b) + 


4rre 0 r? 


(d) Zero. 


(e) or changes (but not a a or <?&); E out sido changes (but not E Q or E&); force on q a and qt, still zero. 
Problem 2.37 

Between the plates, E — 0; outside the plates E = ct/cq — Q/cqA. So 


p _ f^p2 _ £ o Q' 2 
2 "2 e§A 2 


Q 2 


2 e 0 A 2 ' 


Problem 2.38 

Inside, E — 0; outside, E “ so 

Eave ” I 47 ^ K* f* ~ <j(E ave )z; (J — 4 ^!T^ 

F z = jf z da = /( ) 1 ( ^ §) cos 9 R 2 sin 6 d6 d<j> 

= £-A£i) 22 n fo /2sizi9cos9d0 = i ^(^) 2 (l sin ^)io /2 
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Problem 2.39 

Say the charge on the inner cylinder is Q, for a length L. The field is given by Gauss’s law: 

/E • da = E ■ 2ns ■ L = ^Qenc = ~Q => E = Potential difference between the cylinders is 


V(6)-V(a) = - f 

J a 


E ■ dl 



As set up here, a is at the higher potential, so V — V{a) - V(b) — (a)* 


Problem 2,40 


C ~ ^ ^ |y , so capacitance per unit length is 



(a) W = (force) x (distance) = (pressure) x (area) x (distance) — 


%E 2 Ae. 

2 


(b) W — (energy per unit volume) x (decrease in volume) = (Ae). Same as (a), confirming that the 

energy lost is equal to the work done. 

Problem 2*41 


Prom Prob. 2,4, the field at height z above the center of a square loop (side a) is 

1 A\az 


E = 


4 ^0 ( z 2 + £) ^2 + f 




Here A a— (see figure), and we integrate over a from 0 to a: 


= ^~2az f 

47re 0 J 0 


a da 



r = - Let u = — , so a da = 2 du. 


r 5 3 /4 


= -i-4 ozf , — 

47 T 60 Jo (u -f Z 2 )v2u + Z 2 


- tan 

z 




a 2 /4 


2a 

ttcq 


| tan" 1 ^ * 2 ^ + Z - j - tan -1 (l)|; 


^ 2a 

i 

I a 2 7 r 


E = 

nto 

tan y 

/ 1 + 2? " 4 

z. 


° -* 00 (incite plane): E = % [tan l {oo) - J] = “ (f - ? ) = / 

z a (point charge): Let f(x) = tan -1 \/l + x — and expand as a Taylor series: 

f{x) = m+xn o) + ix 2 /''«>) + ■•• 
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Here /{ 0) = tan^(l) - f = f- f=0; /'(*) = 


i i l _ 


i 


n+x 2 { 2 +z),/T+z 


, so /'( 0) = T, so 


f{x) = -X + { )x 2 + { )x 3 + 


Thus 


(since £ = rc < 1), E * £ (*£) = / 


Problem 2.42 


_ _ f 1. 3 / ,A\ 1 d fBsm 0 cos <j>\\ 

p = e 0 V'E-£o|^^: (^r-- j + rsin 0^ — J J 


= e o 


1 1 BsinB , 

—A + — t— — (“ sin 0) 

r 2 rsin# r 


^0 


(A - B sin 0). 


Problem 2*43 

BVom Prob. 2*12, the field inside a uniformly charged sphere is: E = 4 ~^r- So the force per unit volume 
is f = joE = (t^t) (s^RrJr = £(sSp) 3 r, and the force in the * direction on dr is: 


dF z — f z dr = — ( ,-^L V) r cos 8{r 2 sin 6 dr d6 dtp) . 
Co \47r/t! J / 


The total force on the “northern” hemisphere is: 

F, 




\47rii 3 


n>i. 


n/2 r2n 

cos 9 sin 9d$ dtf> 

Jo 


1 (JL.Y 

t 0 \4*R?) \ 4 J 


m:h- 


3Q 2 


64tt t 0 R 2 ' 


Problem 2.44 


V "“" _ SS / * * ' 4jre 0 R /* ~ 4m 0 R - 1 ~ 2e„ 

, 4 — js/i* ■’“{?: 


= 27rfl 2 sintfd#, 

fl 2 + i? 2 - 2fi 2 cos 3 = 2J? 2 {1 - cosfl). 


1 <t(27tB 2 ) [*& sin BJB oR . , r.i*/ 2 

0 

uR _ ** ai? 


4tt6 0 Ry/2 * 

-a-o) = 


\/2co 


y/2to 


y/i - cosf? 2\/2eo 

^pole Center = 


(2\/l — COS#) j 





Problem 2.45 

First let’s determine the electric field inside and outside the sphere, using Gauss’s law: 




j>E-da = to4nr 2 E — Q enc = J p dr = J ( kr)r 2 si nddfdd dtp = 4nk j f z df = 


nkr* (r < R), 
(r > R). 
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SoE = ^r 2 r (r<R); E=^r (r > R). 


4eo 

Method I: 


{ kR A Y 


' 7 (^) - f .( ! tttt; *"■* 


Trfc 2 # 7 
7 £o ' 


Mei/tod II: 


W = i J pVdr (Eq. 2.43) 

f r rR 

For r < R, V(r) = — I 

J QQ J OO 

k 

,-r 


• 3 R 3 \ fc , r 3 \ 


/ Jr \^o ; 

2i ik 2 ( - R 4 


H 3 

. + t 


u 


2 J q fotQ V 4 J J o< 

27rfc 2 f 3 R 4 lien _ irk 2 R 7 (6\ _ 
3e 0 \ R 4 4 7 J ~ 2 • 3ep WJ ” 


irfc 2 fl 7 


■r 5 ^ dr 


r « 0 


/ 


Problem 2.46 
E 


— x».(==±l), a{ 


" r(— A)e Xr — e Ar 


} f= 


Ae- Ar (l + Ar)^. 


p = e 0 V- E = e 0 A {e" Ar (l + Ar) V- (£) + £ • V (e“ Ar (l + Ar)) }. But V- (£) = 47rd 3 (r) {Eq. 1,99), and 
e~ Ar (l + Ar)J 3 {r) = <5 3 (r) (Eq. 1.88). Meanwhile, 


So £ . V (e- Ar (l + Ar)) = -£e -Ar , and 


= r {-Ae- Ar (l + Ar) +e- Ar A} 

p - e 0 A 

4?n5 3 (r) — — e Xr 

T 



Q = J p dr = A |4tt J <S 3 (r) dr — A 2 J —■ — 47rr 2 dr J = £o-d ^4?r — A 2 47r J re Ar dr) . 

But /“ re~ Xr dr — -fa, so Q = 47reo-^ — £?) — zero.) 

Problem 2.47 

(a) Potential of +A is V+ — (^), where s+ is distance from A + (Prob. 2.22). 

Potential of —A is VI — l n ( v)> w here s _ is distance from A_, 
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Total 


V = 


2tT€ D 


In 


fe)- 


Now s+ = \/ (y - a) 2 + z 2 , and s- — \/{y J t a) 2 + z 2 , so 
vu. ■,) — _A_ 


f Vo* + a ) 3+z3 ^ „ 

A In 

{y + a ) 2 + z 2 ' 


\Vto“ a ) 3+ *V 

47T£o 

(y - a) 2 + z 2 . 




(b) Equipotentials are given by = e( 4nc ° v »/ x ) = k = constant. That is: 

y 1 + 2ay + a 2 + z 2 = k(y 2 - 2ay + a 2 + z 2 ) => y 2 (fc - 1) + z 2 (fc - 1) + a 2 (k - 1) - 2 ay(k + 1) - 0, or 
y 2 + z 2 + a 2 — 2 ay ( ^ = 0. The equation for a circle, with center at (yo , 0) and radius R, is 

(y - yo) 2 + z 1 = R 2 , or y 2 + z 2 + (yg - f? 2 ) - 2yy 0 = 0. 

Evidently the equipotentials are circles, with yo = a and 

a 2 = y 2_ R 2^ R 2 =y 2_ a 2 = a 2 (|±I) 2 _ Q 2 = fl2 (^+2^1-^ + 2 fc -l? = q3 . 

ii - ; or, in terms of Vq: 


i 4 k 

WW’ or 


R = 2a 


^A^^qVq/X g2?rco V q/A _j_ g — 27rcoVb/A 

V ° ~ a e 47r eo V 0 /A _ \ ~ fl e 27r i0 V 0 /A „ e ~2it£ 0 V 0 J\ 

2 


acoth 


/ 2ireoVo\ 


V 


A ' 


e 2?reo Vb/A 


e 4?reoVb/A _ \ a ^ c 2ir«oVb/A _ e ” 2 jreoVb/AJ $inh ( j 


a csch 


/ 2?T€q Vq ^ 




z 




Problem 2.48 

(a) V 2 V = - £ (Eq. 2.24), so 


_ 1 

da: 2 eg ^ 


(b) qV — \mv 2 ~4 



(c) dq — Ap da: 


- 

di dt 


A/w = / (constant), (Note: p y hence also /, is negative.) 
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M'l _ __L fl — — L, /_hu 

W dp “ fo^ ~ £0 Av - eo Ay 2qV 


0 = ^* 


^here 


(Afoie: / is negate, so /? is positive; g is jposafat/e-) 

tfV 
eia^ 


(e) Multiply by V' = £ : 


V"^ - /jy- 1 / 2 ^ => fv'dV' = & [ V-'^dV => iy' 2 = 2/jy 1 ^ 2 + constant, 
dx dx J J 2 

But V (0) — V' (0) — 0 (cathode is at potential zero, and field at cathode is zero) , so the constant is zero, and 

v' 2 = 4j3V x > 2 => ~ = ijpv 1 ** => V-'-^d.V = 2v^dx; 
dx 

J y -1 / 4 — 2\//? J dx => ^V* 3 ^ 4 = 2y/0x + constant* 

But 1/(0)' — 0, so this constant is also zero. 

q / q \ 4 /^ /Q \ 2/3 / ni r2 ffl \ t/3 

1/3/4 = 2 so 7 (x) = (2 x4/3 ’ ° r = (4^) ^ ” 


{w4A 2 q) X * /3 ' 


Interms of Vq (instead of I): 


™=*(§r 


(see graph)* 


Without space-charge, V would increase linearly: F(x) — Vq (|). 


Vi 


60 da; 2 

-^3^3*5* 

! _ 

-±cy vy 

QfcPx) 2 / 3 


without / 

II 

[£is 

v/2 s K 0/m (|) VJ . 





(f) V(d) = y 0 = => Vi = ; / 2 = U^y 0 3 ; 

1 ~ 4 B ^° /2 ~ KV ° /2 ' where 


K = 


4e 0 A 1 2 q 
9(P 


Problem 2.49 

(a) 


E = ij 



| e^ A dr. 


(b) Yes. The field of a point charge at the origin is radial and symmetric, so VxE = 0, and hence this is also 
true (by superposition) for any collection of charges. 


(c) 


v-£E.di = - s y t £i( i + J).-"** 

= i 5 f h i 1 + D e ~ r,Xdr = 4k {f F~ rMrfr + i F ■ 
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Now J \e r / x dr — - s -y- ^ / e J dr < — exactly right to kill the last term. Therefore 

V(r) 


q [ 

e -r/X 


q e 

47Te 0 1 

r 

r J 

47TCo t 


(d) 


£ E • <ia = vk'w 0 + x) = i i 1 + !) 

i VdT= iki 


R p-rf X a a 

r 1 dr = — / re _r ^ A dr — — 


~Rf\ 


-r/X 


eo[(WA A 


Hr 1 )]” 


■■■l E - d * + z{ v Vdr= i{{ 1 + f)'' w -( 1+ f) e ' w+1 H- 


qed 


(e) Does the result in (d) hold for a rcorcspherical surface? Suppose we 
make a “dent 17 in the sphere — pushing a patch (area R 2 sin $d$ d<fi) 
from radius R out to radius 5 (area S 2 sin#d#d$). 


= jH[( 1+ !) e ~ SA ~( i+ f) 



-R/X 


sin 0 dO d<fi. 


*l 


V dr = 


1 q 

A 2 4ireo 


/ 


g-r/A j a f S 

~r 2 sin# , dr d6 d<f> — ^ sin 6 d9 d<j) / re” r ^ A dr 

r X z 47reo Jr 


=-j ( 1+ D)L 

jHK w -H) e 


4?reo 


- R/X 


sin 0d0d(j>. 


So the change in -jp JV dr exactly compensates for the change in ^E - da, and we get ~ q for the total using 
the dented sphere, just as we did with the perfect sphere. Any closed surface can be built up by successive 
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside, 

the total is nc* Charges outside do not contribute (in the argument above we found that for this 
volume - da + js fV dr — 0 — and, again, the sum is not changed by distortions of the surface, as long as q 
remains outside). So the new “Gauss’s Law” holds for any charge configuration. 


(f) In differential form, “Gauss’s law” reads: 

V-E 


„ ^ 1 Tr 1 
VdE + — V = — p, 
A 2 €o 


«r [ E - d\ — — p. Since E = — VV", this also yields “Poisson 's equation”: -V 2 V + ~V = —p. 
X 1 J 




or, putting it all in terms of E: 

Jl’ 

A 2 


Co 
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Problem 2,50 

p — £ 0 V* E = £ o = Roo {constant everywhere}* 

The same charge density would be compatible (as far as Gauss } s law is concerned) with E = a yy, for 
instance, or E — (|)r, etc* The point is that Gauss's law (and VxE = 0} by themselves do not determine 
the field — like any differential equations, they must be supplemented by appropriate boundary conditions. 
Ordinarily, these are so “obvious” that we impose them almost subconsciously (“E must go to zero far from 
the source charges”) — or we appeal to symmetry to resolve the ambiguity (“the field must be the same — in 
magnitude— on both sides of an infinite plane of surface charge”)* But in this case there are no natural 
boundary conditions, and no persuasive symmetry conditions, to fix the answer* The question “What is the 
electric field produced by a uniform charge density filling all of space?” is simply ill-posed: it does not give 
us sufficient information to determine the answer. (Incidentally, it won't help to appeal to Coulomb's law 

(e = 4 ^“ — the integral is hopelessly indefinite, in this case.) 

Problem 2.51 


Compare Newton’s law of universal gravitation to Coulomb’s law: 


mim 2 . 
F - -G „ - r; 


F = 


1 giga f 
4tT£o T 2 


Evidently 


47TfO 


G and q m* The gravitational energy of a sphere (translating Prob* 2.32) is therefore 


W - -G~ 
“ 5 It ' 


Now, G — 6.67 x 10“ n N m 2 /kg 2 , and for the sun M — 1.99 x 10 30 kg, R — 6.96 x 10 8 m, so the sun’s 
gravitational energy is W = 2.28 x 10 41 J. At the current rate, this energy would be dissipated in a time 


t= ^ = ^ = 5.90 x 10 » s = 

P 3.86 x 10 26 


1.87 x 10 7 years. 
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Problem 2.52 

First eliminate z, using the formula for the ellipsoid: 

0 


cr(x,y) = 


4 mb ^(*3 /a 4 ) + '<?&!&) + 1 - (*7« 2 ) - WW)' 

Now (for parts (a) and (b)) set c -)■ 0, “squashing” the ellipsoid down to an ellipse in the x y plane: 

Q 1 


2 nab y/i - (x/a) 2 - {y/b ) 2 ' 


a(x,y) = 

(I multiplied by 2 to count both surfaces.) 

(a) For the circular disk, set a — b = R and let r = y/x 1 + y' 2 ■ 


o(r) = 


2t xR ./ip _ r 2 


(b) For the ribbon, let Qjb = A, and then take the limit 6 -4 oc: 

(c) Let b = c, r = ^Jy 2 + z 2 , making an ellipsoid of revolution: 


a(x) = 


2tt \Zn 2 “X 2 


x 2 r 2 Q 1 

“a + - h with a - 

a 1 c 2 


4?r ac 2 yjx 2 fa A + r 2 /^ 4 


The charge on a ring of width dx is 


d<? = «t2tit ds, where ds = \/ dx 2 + dr 2 = dxy/f + (dr/dx) 2 * 


Now 


da: 2 /■ dr dr ex , , / , . .c / ^ ) t j n / I '■pi (n 

— - + — — - 0 so ds = dxW 1 + -t-« - dx — Vx 2 /a 4 + r 2 /c 4 . Thus 

a 2 c 2 dx a 2 r V aV* r 

A(x) = ” = 2rrr 1 - — \/x 2 /a 4 + r 2 /c 4 = 

dx 4ttuc 2 ^/x 2 /a 4 + r 2 /c 4 r 


— * f Constant/) 
2a 





(<0 


